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Abstract
The occurrence of gelation and the existence of mass-conserving solutions to the continuous
coagulation–fragmentation equation are investigated under various assumptions on the
coagulation and fragmentation rates, thereby completing the already known results. A non-
uniqueness result is also established and a connection to the modiﬁed coagulation model of
Flory is made.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Coagulation-fragmentation models describe the dynamics of cluster growth, the
sizes of the clusters evolving with time as the clusters undergo coagulation and
fragmentation events. Hereafter, we restrict ourselves to binary reactions, that is, we
only take into account the merging of two clusters to form a larger one and the
break-up of a cluster into two smaller ones, without any loss of mass during these
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events. Denoting by f ðt; yÞ the size distribution function at time t; the continuous
coagulation–fragmentation equation reads [6]
@f
@t
¼ Qð f Þ; ðt; yÞAð0;þNÞ  Rþ; ð1:1Þ
f ð0; yÞ ¼ f inðyÞ; yARþ; ð1:2Þ
where the coagulation–fragmentation reaction term Qð f Þ ¼ Qcð f Þ  Qf ð f Þ is
given by
Qcð f Þ ¼ Q1ð f Þ  Q2ð f Þ; Qf ð f Þ ¼ Q3ð f Þ  Q4ð f Þ;
Q1ð f ÞðyÞ :¼ 1
2
Z y
0
aðy0; y  y0Þ f ðy0Þ f ðy  y0Þ dy0;
Q2ð f ÞðyÞ :¼ f ðyÞ
Z N
0
aðy; y0Þ f ðy0Þ dy0;
Q3ð f ÞðyÞ :¼ 1
2
Z y
0
bðy0; y  y0Þ dy0 f ðyÞ;
Q4ð f ÞðyÞ :¼
Z N
0
bðy; y0Þ f ðy þ y0Þ dy0:
Here yARþ denotes the mass (or volume, or size) of the clusters and a and b denote
the coagulation and fragmentation rates, respectively. The rates a and b are assumed
to depend only on the sizes of the clusters involved in the reactions and satisfy
0paðy; y0Þ ¼ aðy0; yÞpAð1þ yÞð1þ y0Þ; ðy; y0ÞAR2þ; ð1:3Þ
0pbðy; y0Þ ¼ bðy0; yÞ; ðy; y0ÞAR2þ: ð1:4Þ
Also, throughout the paper, the following assumption is made on the initial datum
f in:
f inAL11ðRþÞ :¼ L1ðRþ; ð1þ yÞdyÞ and is non negative a:e: ð1:5Þ
Introducing the (total) number M0ð f ðtÞÞ and the (total) mass M1ð f ðtÞÞ of clusters
at time t deﬁned by
McðtÞ ¼ Mcð f ðtÞÞ :¼
Z N
0
ycf ðt; yÞ dy; cX0; ð1:6Þ
it is clear that M0ð f Þ is increased by coagulation events and decreased by
fragmentation events, while M1ð f Þ does not vary during these events. It is however a
physically relevant and mathematically challenging question to ﬁgure out whether
the mass M1ð f Þ of solutions to (1.1) is kept constant throughout time evolution. In
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fact, several works in the physical literature have considered this question for the
pure coagulation equation ðb 	 0Þ and either formal arguments or explicit solutions
have been provided to show that the conservation of mass holds true for aðy; y0Þ ¼
ðyy0Þa when aA½0; 1=2 and breaks down in ﬁnite time when aAð1=2; 1
[8,10,16,17,23]. In the latter case, we say that a gelation transition occurs. Still,
mathematical proofs of the occurrence of gelation including larger classes of
coagulation rates and initial data, and also fragmentation, have only been supplied
recently, either by probabilistic arguments [11] (for the discrete model) or by
deterministic arguments [9]. In particular, it is shown in [9] that, if
aðy; y0Þ ¼ yay0b þ yby0a; bðy; y0Þ ¼ ð1þ y þ y0Þg; ð1:7Þ
with 0papbp1 and gAR; gelation occurs if l :¼ aþ b41 and goðl 3Þ=2 (notice
that the parameter g in (1.7) corresponds to the parameter g in [9]). On the other
hand, existence of mass-conserving solutions is known when aðy; y0ÞpA0 ð1þ y þ
y0Þ under various assumptions on the fragmentation rates [7,14,19] which include the
rates given by (1.7) whenever lp1 and gAR: Furthermore, it is known for the
discrete model that a sufﬁciently strong fragmentation prevents the occurrence of
gelation [4] and a natural guess is that a similar result holds true for the continuous
model (1.1).
One of the main results of this paper is thus to establish the existence of a mass-
conserving solution to the continuous model (1.1) when the fragmentation is
sufﬁciently strong with respect to the coagulation (see Section 3). In particular, for
the model case (1.7) with l41; this is true if g4l 2: Since gelation is known to
occur for goðl 3Þ=2 by [9] and ðl 3Þ=2ol 2; it remains to check what happens
when gA½ðl 3Þ=2; l 2Þ: It turns out that a further development of the proof of [9]
allows us to show that gelation also occurs in that case for sufﬁciently large initial
data (see Section 2). Before providing a more precise statement, we recall the
deﬁnition of a weak solution to (1.1), (1.2).
Deﬁnition 1.1. Let f in be an initial datum fulﬁlling (1.5). A weak solution to (1.1),
(1.2) is a non-negative function fACð½0;þNÞ; w  L1ðRþÞÞ such that f ð0Þ ¼ f in;
fALNð0; T ; L11ðRþÞÞ; Qið f ÞAL1ðð0; TÞ  ð0; RÞÞ;
for T40; R40; iAf1;y; 4g; andZ N
0
f ðt; yÞcðyÞ dy ¼
Z N
0
f inðyÞcðyÞ dy þ
Z t
0
Z N
0
Qð f Þðs; yÞ cðyÞ dy ds
for tARþ and cACN0 ð½0;þNÞÞ:
Here and below, if X is a Banach space and T40; Cð½0; T ; w  X Þ denotes the
space of weakly continuous functions from ½0; T  in X :
We now state our main results.
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Theorem 1.2. Assume that the reaction rates are given by (1.7) with 0papbp1 and
gAR:
1. If l :¼ aþ bp1 or if g4l 2 there exists a weak solution to (1.1), (1.2) which
conserves the mass.
2. If l41 and gol 2 there exists M1 such that, if M1ð f inÞ4M1 then gelation
occurs for any weak solution to (1.1), (1.2), that is,
Tgel :¼ infftX0; M1ð f ðtÞÞoM1ð f inÞgoN:
We will actually prove Theorem 1.2 for a larger class of coefﬁcients a and b and
refer to Theorems 2.1 and 3.1 for precise statements.
Remark 1.3. (1) In the case lp1; the existence of a mass-conserving solution has
been previously established in [7,14,21] under additional assumptions on the
fragmentation rates or the initial data. Let us emphasize that there is no growth
condition on g in contrast to the above-mentioned results. On the other hand, the
case g4l 2 is new. A similar result has been proved for the discrete model [4].
(2) This result has been proved in [9] under the condition lAð1; 2 and
goðl 3Þ=2: Herein, we ﬁll the gap gA½ðl 3Þ=2; l 2Þ:
Let us also point out that the ‘‘critical’’ exponent gc :¼ l 2 has already been
noticed in the physical literature. In [20], the authors consider the coagulation–
fragmentation equation under similar homogeneity hypotheses on the coagulation
and fragmentation rates. Assuming that no gelation occurs, formal arguments lead
them to a differential equation for the time evolution of the cluster mean size sðtÞ :
¼ M2ð f ðtÞÞ=M1: They observed that, for g4l 2; the cluster mean size sðtÞ
converges to a stable equilibrium as t-N: Whilst, if gol 2; this equilibrium is
unstable. Another related analysis has been performed in [18] with coagulation and
fragmentation rates a and kb; a and b being homogeneous functions of degree lp1
and gX 1; respectively, and k being a positive real number. The asymptotic
behavior of the solutions in the limit y-N; t-N and k-0 is analysed by means of
formal scaling arguments, the quantity T :¼ tk1=ðgþ2lÞ being ﬁxed.
Remark 1.4. As a ﬁnal comment on Theorem 1.2 and [9, Theorem 1.4], we remark
that, when l41 and gol 2; gelation is only known to take place if M1ð f inÞ is large
enough and one may wonder whether gelation also occurs when M1ð f inÞ is small.
This is actually true in some particular cases (see [9, Theorem 1.4]) but it is not yet
understood in the general case. For homogeneous coagulation and fragmentation
rates of degree lAð1; 2 and gol 2; formal scaling arguments which we perform in
the appendix lead us to the following conjectures: for goðl 3Þ=2; gelation should
occur for all initial data f inc0 while there shall be mass-conserving solutions when
gAððl 3Þ=2; l 2Þ for initial data f in with M1ð f inÞ sufﬁciently small.
The remainder of the paper is devoted to some consequences of strong
fragmentation: we ﬁrst prove a non-uniqueness result.
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Theorem 1.5. Assume that
aðy; y0ÞpCað1þ y þ y0Þl;
Cbð1þ y þ y0Þgpbðy; y0ÞpCb0ð1þ y þ y0Þg
0
;
(
ð1:8Þ
with lA½0; 2; g4maxfl 2;1g and g0A½g; 2þ gÞ: For any M14M1ð f inÞ there exists
a weak solution f to (1.1), (1.2) such that
M1ð f ðtÞÞ ¼ M14M1ð f inÞ for every t40:
Since Theorem 3.1 guarantees the existence of a mass-conserving solution to (1.1),
(1.2) under the assumptions of Theorem 1.5, we realize that there is no uniqueness of
the solution to (1.1), (1.2) in that case. This non-uniqueness phenomenon was
already known for the pure fragmentation equation [2,3,22] and we thus extend it to
the coagulation–fragmentation equation. Observe that the solution constructed in
Theorem 1.5 is unphysical as its mass increases. Thus, a natural (and physically
relevant) criterion for uniqueness seems to be the class of weak solutions f satisfying
M1ð f ðtÞÞpM1ð f inÞ for tX0:
We ﬁnally derive a modiﬁed coagulation model, the so-called Flory model [26],
from the coagulation–fragmentation equation with strong fragmentation. An
alternative derivation has been proposed in [1].
Theorem 1.6. Let aA½0; 1: For eAð0; 1Þ; we consider
aðy; y0Þ ¼ yay0 þ yðy0Þa and beðy; y0Þ ¼ eð1þ y þ y0Þ1=2: ð1:9Þ
Then there exists a family of mass-conserving solutions ð feÞ to (1.1), (1.2) and a
sequence ðekÞ; ek-0; such that
fek-f in Cð½0; T ; w  L1ðRþÞÞ
for every T40; where f is a solution to the modified coagulation equation
@f
@t
¼ Qmcð f Þ; ðt; yÞAð0;þNÞ  Rþ; ð1:10Þ
f ð0Þ ¼ f in; yARþ; ð1:11Þ
where
Qmcð f ÞðyÞ :¼ 1
2
Z y
0
aðy0; y  y0Þ f ðy0Þ f ðy  y0Þ dy0
 y f ðyÞ
Z N
0
y0a f ðy0Þ dy0  yaf ðyÞM1ð f inÞ
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if aA½0; 1Þ; and
Qmcð f ÞðyÞ :¼ 1
2
Z y
0
aðy0; y  y0Þ f ðy0Þ f ðy  y0Þ dy0  2y f ðyÞM1ð f inÞ
if a ¼ 1:
Remark 1.7. The choice beðy; y0Þ ¼ eð1þ y þ y0Þ1=2 is in some sense arbitrary and
could be replaced by beðy; y0Þ ¼ eð1þ y þ y0Þg for gAð0; 1Þ:
Before proving the above-mentioned results, we point out that the key point in the
analysis of (1.1) are the following identities: for every measurable functions f and c;
we have Z N
0
Qcð f Þc dy ¼ 1
2
Z N
0
Z N
0
aðy; y0Þ f ðyÞ f ðy0Þ *cðy; y0Þ dy dy0; ð1:12Þ
*cðy; y0Þ ¼ cðy þ y0Þ  cðyÞ  cðy0Þ; ð1:13Þ
and Z N
0
Qf ð f Þc dy ¼ 1
2
Z N
0
Z N
0
bðy; y0Þ f ðy þ y0Þ *cðy; y0Þ dy dy0
¼  1
2
Z N
0
f ðzÞ kcðzÞ dz; ð1:14Þ
with
kcðzÞ ¼
Z z
0
bðy; z  yÞðcðyÞ þ cðz  yÞ  cðzÞÞ dy: ð1:15Þ
As an immediate consequence, when we choose cðyÞ ¼ y in (1.12)–(1.14), so that *c
vanishes, we get formally the conservation of mass
d
dt
Z N
0
y f ðt; yÞ dy ¼ 0: ð1:16Þ
2. On the occurrence of gelation
In this section, we prove the second assertion of Theorem 1.2. We actually
consider a larger class of rates a and b and prove the following result.
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Theorem 2.1. Assume that
aðy; y0ÞXyaðy0Þb þ ybðy0Þa and bðy; y0ÞpBð1þ y þ y0Þg; ð2:1Þ
where
0papbp1; l :¼ aþ b41 and ðl 3Þ=2pgol 2: ð2:2Þ
Consider f inAL11ðRþÞ and denote by f a weak solution to (1.1), (1.2). There exists M1
such that, if M1ð f inÞ4M1 ; then gelation occurs.
Notice that (2.2) implies that 1ogp0: The cornerstone of the proof of
Theorem 2.1 is the following proposition.
Proposition 2.2. Let F : Rþ-Rþ be a non-decreasing function satisfying Fð0Þ ¼ 0
and f be a weak solution to (1.1), (1.2). Then, for every t1Xt0X0;Z t1
t0
Z N
0
f ðt; yÞyl=2FðyÞ dy
 2
dt
pCF;1þgl=2ð4M1ðt0ÞCF;ðl=2Þg2 þ B2ðt1  t0ÞCF;1þgl=2Þ ð2:3Þ
where
CF;k :¼
Z N
0
F0ðAÞAk dA: ð2:4Þ
Remark 2.3. Notice that (2.3) only gives relevant information on f when both
CF;1þgl=2 and CF;ðl=2Þg2 are ﬁnite.
Proof of Proposition 2.2. We choose cðyÞ :¼ cAðyÞ ¼ y4A in (1.12) and (1.14) and
notice that *cA and kcA deﬁned by (1.13) and (1.15) satisfy
 *cAðy; y0ÞXA1fyXA;y0XAg;
kcAðzÞpABð1þ zÞgðz  AÞþ;
by (2.1). Using that aðy; y0ÞXðyy0Þl=2 by (2.1), we thus obtain
1
2
Z t1
t0
Z N
A
f ðt; yÞyl=2 dy
 2
dtpM1ðt0Þ
A
þ B
2
Z t1
t0
Z N
A
f ðt; zÞzð1þ zÞg dz dt:
Since 1þ g ðl=2Þo0 by (2.2), let n be such that
0on and 1þ nþ g l=2p0:
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Thanks to the Young inequality, we getZ N
A
f ðt; zÞzl=2 z
1þnl=2ð1þ zÞg
zn
 
dzp 1
An
Z N
A
f ðt; zÞzl=2 dz
p 1
2B
Z N
A
f ðt; zÞzl=2 dz
 2
þ B
2A2n
:
Gathering the preceding two estimates, we deduce that, for A40;Z t1
t0
Z N
A
f ðt; yÞ yl=2 dy
 2
dtp 4
A
M1ðt0Þ þ B
2
A2n
ðt1  t0Þ
 
:
Using the Fubini theorem and the Cauchy–Schwarz inequality, we obtain, for each
mX0; Z t1
t0
Z N
0
f ðt; yÞyl=2 FðyÞ dy
 2
ds
p
Z t1
t0
Z N
0
F0ðAÞ
Z N
A
f ðt; yÞyl=2 dy dA
 2
ds
p
Z t1
t0
Z N
0
F0ðAÞ
Am
dA
  Z N
0
F0ðAÞAm
Z N
A
f ðt; yÞyl=2 dy
 2
dA
 !
ds
pCm
Z N
0
F0ðAÞAm
Z t1
t0
Z N
A
f ðt; yÞ yl=2 dy
 2
ds dA
pCm
Z N
0
½4M1ðt0ÞAm1 þ B2ðt1  t0ÞAm2nF0ðAÞ dA:
Inequality (2.3) then follows with the choice m ¼ n :¼ ðl=2Þ  g 140: &
Corollary 2.4. Assume further that lo2: Then there exists a constant C1 ¼ C1ðl; gÞ
such thatZ t1
t0
Z N
R
f ðt; yÞy dy
 2
dtpC1ðM1ðt0ÞR1l þ B2ðt1  t0ÞR2ð2þglÞÞ: ð2:5Þ
Proof. We deﬁne F ¼ Fr by
FrðyÞ :¼ ðy1l=2  r1l=2ÞþXð21l=2  1Þ1½2r;þNÞðyÞ:
We have
CFr;k ¼
1 l=2
ðl=2Þ  k  1 r
1l=2þk;
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for k such that k  l=2o 1: The conditions CFr;1þgl=2oN and CFr;ðl=2Þg2oN
are fulﬁlled since 1ogol 2 by (2.2). We then obtain (2.5) by taking
r ¼ R=2: &
Corollary 2.5. There exists a constant C2 ¼ C2ðl; gÞ such thatZ T
0
M21 ðtÞ dtpC2ðM1ð0Þ þ M0ð0Þ þ B2TÞ: ð2:6Þ
Proof. Since aðy; y0ÞXðy y0Þl=2 by (2.1), it follows from (1.1), (1.12) and (1.14) with
c ¼ 1 that
1
2
Z T
0
M2l=2ðtÞ dtpM0ð0Þ þ
B
2
Z T
0
Z N
0
f ðt; zÞzð1þ zÞg dz dt:
Since gp0; we have 1þ gp1þ g=2pl=2: Therefore,
1
2
Z T
0
M2l=2ðtÞ dtpM0ð0Þ þ
B
2
Z T
0
Ml=2ðtÞ dt;
and the Young inequality yieldsZ T
0
M2l=2ðtÞ dtp4ðM0ð0Þ þ B2TÞ:
If l ¼ 2; this is exactly claim (2.6). If lo2; we combine the above inequality and (2.5)
with R ¼ 1 to obtain (2.6). &
Proof of Theorem 2.1. We argue by contradiction and assume that M1ðtÞ ¼ M1ð0Þ
for tX0: By (2.6) we deduce that
M1ð0Þ2 TpC2ðM1ð0Þ þ M0ð0Þ þ B2TÞ;
whence a contradiction for T large enough if M1ð0Þ4C1=22 B: &
Proposition 2.2 actually enables us to obtain more precise information on the
behavior of f ðt; yÞ for large values of y:
Corollary 2.6. (i) For any d41; there exists a constant C ¼ Cðl; g; dÞ such that
Z t1
t0
Z N
e
f ðt; yÞ y
lg1
ðlnðyÞÞd
dy
 !2
dtpCðM1ðt0Þ þ B2ðt1  t0ÞÞ: ð2:7Þ
Notice that 1ol g 1o2:
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(ii) For any t42g ðl 3Þ40; there exists a constant C ¼ Cðl; g; tÞ such that, for
each R40;
Z t1
t0
1
Rt
Z R
0
f ðt; yÞylg1þt dy
 2
dtpC M1ðt0Þ
R3lþ2g
þ B2ðt1  t0Þ
 
: ð2:8Þ
Proof. We ﬁrst prove (i). We deﬁne FðyÞ ¼ ðyðl=2Þg1=ðlnðyÞÞd 
rðl=2Þg1=ðlnðrÞÞdÞþ with d41 and r ¼ e=2: We easily verify that F is increasing
and that the associated constants CF;ðl=2Þg2 and CF;1þgðl=2Þ are ﬁnite. Estimate
(2.7) follows from (2.3) for this choice of F and Corollary 2.4 with R ¼ e:
We next proceed as in [9, Theorem 2.7] with FðyÞ :¼ ðy4RÞc to prove (ii), with
c ¼ l=2 g 1þ t: &
Remark 2.7. Observe that, in (2.7) and (2.8), we have the weight ylg1 instead of the
weight yðlþ1Þ=2 obtained in [9, Theorem 2.7] for the case goðl 3Þ=2: On the other
hand, we do not know whether a bound from below similar to [9, Corollary 2.9] is
available here.
3. Existence of mass-conserving solutions
In this section, we prove the ﬁrst assertion of Theorem 1.2, that is, the existence of
a mass-conserving solution to (1.1), (1.2) when a and b are given by (1.7) with either
aþ bp1 or g4l 2: Such a result is actually valid for a larger class of coefﬁcients
when the coagulation term Qcð f Þ is either ‘‘weak’’ or suitably dominated by the
fragmentation term Qf ð f Þ: More precisely, we assume that:
The coagulation coefficient a :R2þ-R is a measurable function
and there are some real numbers A040 and 0papbp1 such
that
0paðy; y0Þ ¼ aðy0; yÞpA0fð1þ yÞað1þ y0Þb þ ð1þ yÞbð1þ y0Þag
for ðy; y0ÞAR2þ:
8>>>><
>>>>:
ð3:1Þ
The fragmentation coefficient b : R2þ-R is a measurable function
such that
ðiÞ for each RARþ there is bR40 such that
0pbðy; y0Þ ¼ bðy0; yÞpbR for ðy; y0ÞAð0; RÞ2;
ðiiÞ there are R040; S0XR0 and C040 such thatRR0
0 bðy0; y  y0Þ dy0pC0
RR0
0 y
0bðy0; y  y0Þ dy0 for yXS0:
8>>>>><
>>>>>:
ð3:2Þ
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Let us point out here that, in contrast to the previous works [7,14,21], no a priori
growth condition on b is imposed by assumption (3.2) (ii). Indeed, examples of
fragmentation coefﬁcients fulﬁlling (3.2) are
ðy þ y0Þk; ðyy0Þk; yk þ ðy0Þk;
where k is an arbitrary non-negative real number.
Introducing l :¼ aþ bA½0; 2; we notice that
aðy; y0ÞpA0fð1þ yÞl þ ð1þ y0Þlg; ðy; y0ÞAR2þ; ð3:3Þ
by the Young inequality. As expected from the analysis of the discrete coagulation–
fragmentation equations [2] and from the previous studies of (1.1) [7,21], the coagulation
term is sufﬁciently weak if lp1: Thus, as we shall see below, there is at least a mass-
conserving solution to (1.1), (1.2) without any additional assumption on b: On the other
hand, if lAð1; 2; gelation occurs in the absence of fragmentation [9]. For the discrete
coagulation–fragmentation equations, it has been noticed in [4] that a sufﬁciently strong
fragmentation term prevents the occurrence of the gelation phenomenon. When
lAð1; 2; we will thus impose an additional condition on b; namely,
there are B040 and g4l 2 such that
bðy  y0; y0ÞXBðyÞ :¼ B0ð1þ yÞg for yX1 and y0Að0; yÞ:
(
ð3:4Þ
The main result of this section then reads:
Theorem 3.1. Assume that the kinetic coefficients a and b satisfy (3.1), (3.2) and that
(i) either lA½0; 1;
(ii) or lAð1; 2 and b fulfils (3.4).
For any initial datum f in satisfying (1.5), there is at least one mass-conserving weak
solution f to (1.1), (1.2), that is,
0p fACð½0;þNÞ; L1ðRþÞÞ with f ð0Þ ¼ f in;Z N
0
y f ðt; yÞ dy ¼
Z N
0
y f inðyÞ dy; tX0; ð3:5Þ
and (1.1) holds in the mild sense: for 0pt0ot1 there holds
f ðt1; :Þ  f ðt0; :Þ ¼
Z t1
t0
Qð f ðt; :ÞÞ dt a:e: in Rþ: ð3:6Þ
Observe that the coefﬁcients a and b given by (1.7) enjoy properties (3.1) and (3.2).
The ﬁrst assertion of Theorem 1.2 then readily follows from Theorem 3.1.
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The proof of Theorem 3.1 relies on a compactness method and requires to derive
several estimates on the solutions f to approximations of (1.1), (1.2). The starting
point is to obtain an L1ð0; TÞ-bound on Ml1 ; the moment of order l1 of f ; where
l1 ¼ maxf1; lg: While such a bound is obvious for lA½0; 1; it relies on the
assumption (3.4) for lAð1; 2: Thanks to the bound on Ml1 ; we may control the
behavior of y f ðt; yÞ and the fragmentation term for large values of y: This in turn
allows us to obtain a uniform bound on the L1-norm of f on bounded time intervals.
These estimates then enable us to proceed as in [14] to conclude that f lies in a
relatively sequentially weakly compact subset of L1ðð0; TÞ  Rþ; ð1þ yÞ dy dtÞ which
does not depend on the approximation. Theorem 3.1 then follows by a compactness
argument.
3.1. Estimates for compactly supported solutions
In this section, we assume that a and b are coagulation and fragmentation
coefﬁcients satisfying the assumptions of Theorem 3.1 together with the additional
requirement that
aðy; y0Þ ¼ bðy; y0Þ ¼ 0 if y þ y04R
for some R4S0: We next assume that f in satisﬁes (1.5) and has compact support with
Supp f inC½0; R: Thanks to these assumptions, we may argue as in [21, Section 3] (see
also [7,19]) and prove that there is a unique solution fACð½0;þNÞ; L1ðRþÞÞ to (1.1),
(1.2) such that
Supp f ðt; :ÞC½0; R and
Z N
0
y f ðt; yÞ dy ¼
Z N
0
y f inðyÞ dy :¼ M1 ð3:7Þ
for each tX0: We ﬁnally assume an additional integrability property on f in; namely
that there is a non-negative, convex and non-decreasing function
FAC1ð½0;þNÞÞ-W 2;Nloc ð½0;þNÞÞ such that
Fð0Þ ¼ 0; F0ð0ÞX0 and F0 is concave;
lim
r-þN F
0ðrÞ ¼ lim
r-þN
FðrÞ
r
¼ þN;
8<
: ð3:8Þ
and
LF :¼
Z N
0
FðyÞ f inðyÞ dyoN: ð3:9Þ
We now derive several properties enjoyed by f which do not depend on R:
Following [4], we ﬁrst prove that, when lAð1; 2; (3.4) entails a control on the second
moment M2 of f for positive times.
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Lemma 3.2. When (3.4) holds true with g4 1; there is a constant CSF depending only
on A0; l; B0; g and M1 in (3.7) such that
M2ðtÞpCSFð1þ t1=ð1þgÞÞ; tARþ: ð3:10Þ
Proof. In this proof, we denote by C and C0 positive constants which may vary from
line to line but depend only on A0; l; B0; g and M1: We take cðyÞ ¼ y2 in (1.12) and
use (3.3) and (3.7) to obtainZ N
0
y2Qcð f Þðt; yÞ dyp 2A0
Z N
0
Z N
0
ð1þ yÞlyy0f ðt; yÞf ðt; y0Þ dy dy0
pC0M1ðM1 þ M1þlðtÞÞ
pC0ð1þ M1þlðtÞÞ: ð3:11Þ
On the other hand, it follows from (3.4), (3.7) and (1.14) with cðyÞ ¼ y2 thatZ N
0
y2Qf ð f Þðt; yÞ dyXC
Z N
1
y3ð1þ yÞg f ðt; yÞ dy
XC
Z N
0
y3þg f ðt; yÞ dy  C
Z 1
0
y3þg f ðt; yÞ dy
XCðM3þgðtÞ  M1Þ
XC ðM3þgðtÞ  1Þ: ð3:12Þ
We then infer from (1.1), (3.11) and (3.12) that
dM2
dt
þ C M3þgpC0ð1þ M1þlÞ:
Now, since g4l 2; the Ho¨lder inequality and (3.7) yield
M
2þg
1þlpM
2þgl
1 M
l
3þgpC0Ml3þg:
The previous differential inequality then becomes
dM2
dt
þ C M3þgpC0ð1þ Ml=ð2þgÞ3þg Þ:
We use once more the fact that lo2þ g together with the Young inequality to
conclude that
dM2
dt
þ C M3þgpC0:
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Finally, since g4 1; we have 2Að1; 3þ gÞ and it follows from the Ho¨lder inequality
and (3.7) that
M
2þg
2 pM1þg1 M3þgpC0 M3þg:
Inserting this estimate in the previous differential inequality, we end up with
dM2
dt
þ C M2þg2 pC0;
from which (3.10) readily follows (since 2þ g41). &
Estimates (3.7) and (3.10) clearly allow us to control the behavior of f and Qcð f Þ
for large values of y and positive times. Some further computations are needed to
control the fragmentation term, and the short time behavior as well. First, as a
consequence of Lemma 3.2, we obtain the following integrability property of Ml:
Lemma 3.3. Let TARþ: When lAð1; 2 and (3.4) holds true, there is a constant
CSFðTÞ depending only on A0; l; B0; g; M1 in (3.7) and T such thatZ T
0
MlðtÞ dtpCSFðTÞ: ð3:13Þ
Proof. Since lAð1; 2; Assumption (3.4) implies that g4 1 and we infer from (3.7),
(3.10) and the Ho¨lder inequality that
MlðtÞpM1ðtÞ2l M2ðtÞl1pCl1SF M2l1 ð1þ tðl1Þ=ð1þgÞÞ;
from which (3.13) readily follows as l 1o1þ g: &
From now on, we denote by C; ðCiÞiX1; positive constants which depend only on
A0; a; b; R0; S0; C0; jj f injjL1 ; M1; F; LF and also on B0 and g when (3.4) holds true.
The dependence of C upon additional parameters will be indicated explicitly.
We next develop further a device already used in [14] to estimate the behavior of f
and Qf ð f Þ for large values of y: In [14], an additional growth condition was required
on b; namely, bðy; y0ÞpC ð1þ yÞ ð1þ y0Þ and we show here that this condition can
be replaced by (3.2) (ii) which is much weaker. We actually prove that the
integrability property (3.9) enjoyed by f in propagates through time evolution.
Proposition 3.4. For TARþ; we haveZ N
0
FðyÞf ðt; yÞ dypCðTÞ; tA½0; T ; ð3:14Þ
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Z T
0
Z N
0
Z y
0
bðy0; y  y0Þ *Fðy0; y  y0Þ dy0
 
f ðs; yÞ dy dspCðTÞ; ð3:15Þ
where *F is given by (1.13).
Proof. Owing to the properties of F; we have
0p *Fðy; y0Þp2 y
0FðyÞ þ yFðy0Þ
y þ y0 ; ðy; y
0ÞAR2þ; ð3:16Þ
where the second inequality follows from [13, Lemma A.2]. A ﬁrst consequence of
(1.14) and (3.16) is that Z N
0
FðyÞQf ð f ÞðyÞ dyX0: ð3:17Þ
We next derive an upper bound for the coagulation term: introducing
Cðy; y0Þ :¼ *Fðy; y0Þð1þ yÞað1þ y0Þb; ðy; y0ÞAR2þ;
we have
Cðy; y0Þp2ljjF00jjLNð0;2Þyy0pC ðyy0Þ;
for ðy; y0ÞAð0; 1Þ2; while (3.16) entails that
Cðy; y0Þp2l *Fðy; y0Þðy0ÞbpCfy0FðyÞ þ yFðy0Þg
for 0pyp1py0 and 0py0p1py since 0papbp1: Finally, if ðy; y0ÞAð1;þNÞ2; we
infer from (3.16) that
Cðy; y0Þp 2l *Fðy; y0Þyaðy0Þbp
Cfy0FðyÞ þ yFðy0Þg if lA½0; 1;
Cfðy0ÞlFðyÞ þ ylFðy0Þg if lAð1; 2:
(
Inserting the estimates for C in (1.12) with c ¼ F and using (3.7) lead toZ N
0
FðyÞQcð f Þðt; yÞ dypCð1þ Ml1ðtÞÞ 1þ
Z N
0
FðyÞ f ðt; yÞ dy
 
ð3:18Þ
with l1 :¼ maxf1; lg: Consequently, we deduce from (1.1) and (3.18) that
d
dt
Z N
0
FðyÞf ðt; yÞ dy þ
Z N
0
FðyÞ Qf ð f ÞðyÞ dy
pCð1þ Ml1ðtÞÞ 1þ
Z N
0
FðyÞ f ðt; yÞ dy
 
:
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Owing to (3.17) and since Ml1AL
1ð0; TÞ by either (3.7) (if lA½0; 1) or Lemma 3.3 (if
lAð1; 2), assertions (3.14) and (3.15) follow from the previous differential inequality
by the Gronwall lemma. &
Since no growth condition is required on b; estimate (3.15) provides a control on
Q4ð f Þ: More precisely, we have the following result:
Corollary 3.5. For each RXR0 and SXS0 þ 2R; we haveZ T
0
Z N
S
Z R
0
bðy0; y  y0Þ dy0 f ðs; yÞ dy dspoT ;RðSÞ S-þN! 0: ð3:19Þ
Proof. For 0pRpS; we put
IðR; S; sÞ :¼
Z N
S
Z R
0
bðy0; y  y0Þ dy0 f ðs; yÞ dy: ð3:20Þ
Consider now R4R0 and SXS0 þ 2R: By (3.2) we haveZ R
0
bðy0; y  y0Þ dy0pC0
Z R0
0
y0bðy0; y  y0Þ dy0 þ 1
R0
Z R
R0
y0bðy0; y  y0Þdy0;
whence
IðR; S; sÞpC
Z N
S
Z R
0
y0bðy0; y  y0Þ dy0 f ðs; yÞ dy:
Since F is convex with Fð0Þ ¼ 0; we have
*Fðy  y0; y0ÞXy0ðF0ðy  y0Þ  F0ðy0ÞÞXy0ðF0ðS  RÞ  F0ðRÞÞ
for ðy; y0ÞAðS;þNÞ  ð0; RÞ: Therefore, IðR; S; sÞ is bounded from above by
C
F0ðS  RÞ  F0ðRÞ
Z N
S
Z R
0
bðy0; y  y0Þ *Fðy0; y  y0Þ dy0f ðs; yÞ dy;
whence (3.19) by (3.8) and (3.15). &
We next derive an estimate on f in L1ðRþÞ: Observe that such a bound is not
obvious as no growth condition is assumed on b: Indeed, from a physical point of
view, the L1-norm of f represents the number of clusters which is increased by
fragmentation reactions and could thus grow without bound. However, condition
(3.2)(ii) allows us to exclude such a behavior.
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Lemma 3.6. For TARþ; we have
jj f ðtÞjjL1pCðTÞ; tA½0; T : ð3:21Þ
Proof. We take c ¼ 1½0;R0 in (1.12) and (1.14). Noticing that
ðcðyÞ þ cðy0ÞÞp *cðy; y0Þp0;
we have
Z R0
0
Qcð f Þðt; yÞ dyp0; ð3:22Þ
and we infer from (3.2) and (3.7) that

Z R0
0
Qf ð f Þðt; yÞ dyp
Z 3S0
0
f ðt; yÞ
Z y
0
bðy0; y  y0Þ dy0 dy
þ
Z N
3S0
f ðt; yÞ
Z R0
0
bðy0; y  y0Þ dy0 dy
p b3S0M1 þ IðR0; 3S0; tÞ:
It then follows from (3.19) that

Z T
0
Z R0
0
Qf ð f Þðt; yÞ dy dtpCðTÞ þ oT ;R0ð3S0ÞpCðTÞ: ð3:23Þ
Combining (1.1), (3.22) and (3.23) yields
Z R0
0
f ðt; yÞ dypjj f injjL1 þ CðTÞ; tA½0; T :
Assertion (3.21) is now a straightforward consequence of (3.7) and the above
estimate. &
Owing to Proposition 3.4 and Lemma 3.6, it remains to control the behavior of
f ðtÞ on subsets of Rþ with small measure in order to establish that f ðtÞ lies in a
relatively weakly sequentially compact subset of L11ðRþÞ for each tA½0; T :
Lemma 3.7. For TARþ; R4R0; dAð0; 1Þ and tA½0; T ; we put
Ed;RðtÞ :¼ sup
Z
E
f ðt; yÞ dy; ECð0; RÞ; jEjpd
 
:
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Given eAð0; 1Þ; there is C1ðT ; R; eÞ such that, if dpC1ðT ; R; eÞ;
sup
tA½0;T 
Ed;RðtÞpC2ðT ; RÞðEd;Rð0Þ þ eÞ:
Proof. Let E be a measurable subset of ð0; RÞ with jEjpd; tAð0; T  and sAð0; TÞ:
We ﬁrst infer from (3.3), (1.12) with c ¼ 1E and (3.21) thatZ
E
Qcð f Þðs; yÞ dypCð1þ RÞl
Z R
0
Z Ry
0
1Eðy þ y0Þ f ðs; yÞ f ðs; y0Þ dy0 dy
pCðRÞ
Z R
0
f ðs; yÞ
Z R
0
1Eyðy0Þ f ðs; y0Þ dy0 dy
pCðR; TÞ Ed;RðsÞ; ð3:24Þ
since the Lebesgue measure on Rþ is translation-invariant. It next follows from (3.2),
(1.14) with c ¼ 1E and (3.21) that, for every SXS0 þ 2R;

Z
E
Qf ð f Þðs; yÞ dyp bSjEj
Z S
0
f ðs; yÞ dy þ
Z N
S
f ðs; yÞ
Z R
0
bðy0; y  y0Þ dy0 dy
pCðT ; SÞdþ IðR; S; sÞ; ð3:25Þ
where IðR; S; sÞ is deﬁned by (3.20). Combining (1.1), (3.19), (3.24) and (3.25), we
obtainZ
E
f ðt; yÞ dyp
Z
E
f inðyÞ dy þ CðR; TÞ
Z T
0
Ed;RðsÞ ds þ CðT ; SÞdþ oT ;RðSÞ
for any mesurable subset of ð0; RÞ with jEjpd: Consequently,
Ed;RðtÞpEd;Rð0Þ þ CðR; TÞ
Z T
0
Ed;RðsÞ ds þ CðT ; SÞdþ oT ;RðSÞ;
whence, by the Gronwall lemma,
Ed;RðtÞpCðT ; RÞðEd;Rð0Þ þ CðT ; SÞ dþ oT ;RðSÞÞ; tA½0; T :
Lemma 3.7 then readily follows from (3.19) and the above inequality, choosing ﬁrst
S4S0 þ 2R large enough and then d small enough. &
To summarize the outcome of this section, we realize that the reaction terms Qcð f Þ
and Qf ð f Þ are bounded in L1ðð0; TÞ  ð0; RÞÞ for any RX1; thanks to the bounds
(3.7), (3.19) and (3.21). Next, estimates (3.14), (3.19) and Lemma 3.7 ensure the
sequential weak compactness of f in L1ðð0; TÞ  Rþ; ð1þ yÞ dt dyÞ and of Qcð f Þ and
Qf ð f Þ in L1ðð0; TÞ  ð0; RÞÞ for any RX1:
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3.2. Proof of Theorem 3.1
We are now ready to complete the proof of the existence of a mass-conserving
solution to (1.1), (1.2). Let a and b be coagulation and fragmentation coefﬁcients
satisfying the assumptions of Theorem 3.1.
We introduce the following sequence of approximating equations: given an integer
nXS0; we put
anðy; y0Þ :¼ aðy; y0Þ 1½0;nðy þ y0Þ; bnðy; y0Þ :¼ bðy; y0Þ1½0;nðy þ y0Þ;
for ðy; y0ÞAR2þ and f inn ðyÞ :¼ f inðyÞ 1½0;nðyÞ; yARþ: Then, an; bn and f inn clearly fulﬁl
the requirements of Section 3.1 (with R ¼ n) and we denote by
fnACð½0;þNÞ; L1ðRþÞÞ the unique solution to (1.1), (1.2) with kinetic coefﬁcients
an; bn and initial data f
in
n such that
Supp fnðt; :ÞC½0; n and
Z N
0
y fnðt; yÞ dy ¼
Z N
0
y f inn ðyÞ dy ð3:26Þ
for each tX0: We next recall that (1.5) and a reﬁned version of the de la Valle´e–
Poussin theorem [5,15] ensure that there is a non-negative, convex and non-
decreasing function FAC1ð½0;þNÞÞ-W 2;Nloc ð½0;þNÞÞ such that (3.8) and (3.9) hold
true for f in: Since F is non-decreasing and f inn p f in; this last property is also enjoyed
by f inn ; that is, Z N
0
FðyÞ f inn ðyÞ dypLF ð3:27Þ
for nXS0: We ﬁnally put
Ed;Rn ðtÞ :¼ sup
Z
E
fnðt; yÞ dy; ECð0; RÞ; jEjpd
 
for TARþ; nXS0; R4R0; dAð0; 1Þ and tA½0; T : Since f inn p f inAL1ðRþÞ; we clearly
have
lim
d-0
sup
nXS0
Ed;Rn ð0Þ ¼ 0 ð3:28Þ
for each R4R0:
Since the data an; bn and f
in
n fulﬁl the requirements of Section 3.1 uniformly with
respect to nXS0; the analysis performed in Section 3.1 allows us to establish the
weak compactness of the sequence ð fnðtÞÞ in L11ðRþÞ for each tA½0; T :
Proposition 3.8. Under the assumptions of Theorem 3.1, for each TARþ; there is a
weakly compact subset KT of L
1
1ðRþÞ such that fnðtÞAKT for every tA½0; T 
and nXS0:
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Proof. Let tA½0; T : On the one hand, we infer from Lemmas 3.6, 3.7, (3.26) and
(3.28) that ð fnðtÞÞnXS0 is bounded in L11ðRþÞ and satisﬁes
lim
d-0
sup
nXS0
Ed;Rn ðtÞ ¼ 0
for each R4R0: On the other hand, it follows from (3.8), (3.14) and (3.27) that
lim
S-þN
sup
nXS0
Z N
S
y fnðt; yÞ dy ¼ 0:
Proposition 3.8 is then a straightforward consequence of the Dunford–Pettis
theorem, observing that the above bounds and limits are uniform with respect to
tA½0; T : &
We next argue as in the proof of Proposition 3.8 along the lines of [12, Lemma 2.7]
to check the time equicontinuity of the family f fnðtÞ ; tA½0; T g in L1ðRþÞ:
Lemma 3.9. For tA½0; TÞ; there holds
lim
h-0
sup
nXS0
Z N
0
j fnðt þ h; yÞ  fnðt; yÞj dy ¼ 0: ð3:29Þ
We are now ready to complete the proof of the existence of a mass-conserving
solution to (1.1), (1.2).
Proof of Theorem 3.1. Owing to Proposition 3.8 and Lemma 3.9, we may apply a
variant of the Arzela`–Ascoli theorem (see, e.g., [24, Theorem 1.3.2]) to conclude that
there are a subsequence of ð fnÞ (not relabeled) and a function
fACð½0;þNÞ; w  L11ðRþÞÞ
such that
fn-f in Cð½0; T ; w  L11ðRþÞÞ ð3:30Þ
for every TARþ: Clearly, (3.26) and (3.30) ensure that f is non-negative with f ð0Þ ¼
f in and Z N
0
y f ðt; yÞ dy ¼
Z N
0
y f inðyÞ dy; tX0:
Thanks to (3.1) and (3.30), we have Qcð f ÞAL1locðð0;þNÞ  RþÞ and it is by now a
standard matter to show that (3.30) implies that
Qcð fnÞ,Qcð f Þ weakly in L1ðð0; TÞ  ð0; RÞÞ
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for every TARþ and RARþ (see, e.g., [14,21]). Similarly,
Q3ð fnÞ,Q3ð f Þ weakly in L1ðð0; TÞ  ð0; RÞÞ:
It remains to pass to the limit in the fragmentation term Q4: For that purpose, we
ﬁrst notice that (3.2), (3.19) and (3.30) ensure that
ðt; y; y0Þ/1½0;yðy0Þbðy0; y  y0Þ f ðt; yÞAL1ðð0; TÞ  Rþ  ð0; RÞÞ ð3:31Þ
for any TARþ and RARþ: Indeed, by (3.8) and (3.19), there is S14maxfS0; Rg
such that
Z T
0
Z N
S1
Z R
0
bnðy0; y  y0Þ fnðt; yÞ dy0 dy dsp1:
It then follows from the above inequality, (3.2) and Lemma 3.6 that, for S4S1
and n4S;
Z T
0
Z S
0
Z R
0
bðy0; y  y0Þ fnðt; yÞ dy0 dy dt
¼
Z T
0
Z S
0
Z R
0
bnðy0; y  y0Þ fnðt; yÞ dy0 dy dt
pRbS1
Z T
0
Z S1
0
fnðt; yÞ dy dt þ 1pCðT ; R; S1Þ:
Since the right-hand side of the above estimate does not depend on n neither on S;
we may ﬁrst let n-þN by (3.30) and then S-þN to conclude that (3.31) holds
true. Consequently, by the Fubini theorem, Q4ð f ÞAL1ðð0; TÞ  ð0; RÞÞ for any RX1:
It is then not difﬁcult to check that (3.2), (3.19), (3.30) and (3.31) imply that
Q4ð fnÞ,Q4ð f Þ weakly in L1ðð0; TÞ  ð0; RÞÞ
for every TARþ and RARþ: Consequently, f satisﬁes (3.6) and we may argue as in
[14, Appendix] to conclude that fACð½0;þNÞ; L1ðRþÞÞ; which completes the proof
of Theorem 3.1. &
Remark 3.10. Observe that the solution f to (1.1), (1.2) constructed in Theorem 3.1
satisﬁes (3.10) and MkAL1ð0; TÞ for kA½0; 2þ gÞ: Indeed, this follows at once from
Lemmas 3.2, 3.3 and (3.30).
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4. Non-uniqueness
This section is devoted to the proof of Theorem 1.5 which is adapted from [25]
where a similar result is proved for the Boltzmann equation. Let M14M1ð f inÞ and
ðjnÞnX1 be a sequence of molliﬁers with Supp jnC½1=n; 1=n and put
f inn ðyÞ :¼ f inðyÞ þ ðM1  M1ð f inÞÞ
jnðy  nÞ
y
for yARþ and nX1: Obviously,
f inn ,f
in in L1ðRþÞ; ð4:1Þ
M1ð f inn Þ ¼ M1 ; ð4:2Þ
so that ð f inn Þ does not converge weakly to f in in L1ðRþ; ydyÞ: Assumption (1.8) on a
and b allows us to apply Theorem 3.1 to deduce that, for each nX1; there is a weak
solution fn to (1.1) with initial datum f
in
n which satisﬁes M1;nðtÞ ¼ M1 ð f inÞ;
M2;nðtÞpCð1þ t1=ð1þgÞÞ; ð4:3Þ
Z T
0
Mc;nðsÞ dspCðc; TÞ ð4:4Þ
for each T40 and cA½0; 2þ gÞ; where Mc;nðtÞ :¼ Mcð fnðtÞÞ:
We now prove that
ð fnÞ is relatively compact in Cð½0; T ; w  L1ðRþÞÞ and
Cðð0; T ; w  L1ðRþ; y dyÞÞ:
(
ð4:5Þ
Since ð f inn Þ is weakly compact in L1ðRþÞ by (4.1), a reﬁned version of the de la
Valle´e–Poussin theorem [15] ensures that there is a non-negative, convex and non-
decreasing function FAC1ð½0;þNÞÞ-W 2;Nloc ð½0;þNÞÞ satisfying (3.8) and
sup
nX1
Z N
0
Fð f inn ðyÞÞ dypC: ð4:6Þ
Lemma 4.1. For each T40 and RX1; there is CðT ; RÞ such that, for tA½0; T ;
sup
nX1
Z R
0
ð fnðt; yÞ þ Fð fnðt; yÞÞÞpCðT ; RÞ: ð4:7Þ
Taking Lemma 4.1 for granted, we next argue as in Lemma 3.9 with the help of
(4.4) to prove the time equicontinuity (3.29) of the sequence f fnðtÞ; tA½0; T g: We
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then proceed as in the proof of Theorem 3.1 to deduce claim (4.5) from the above
bounds and the Dunford–Pettis theorem. Observe that the weak compactness in
L1ðRþ; y dyÞ only holds for positive times because of the blow-up at t ¼ 0 of the
estimate (4.3) on M2;n: Arguing as in [14] with the help of (4.4) then ensures the
existence of a non-negative function f such that
fn-f in Cð½0; T ; w  L1ðRþÞÞ and Cðð0; T ; w  L1ðRþ; y dyÞÞ;
and f is a weak solution to (1.1) with f ð0Þ ¼ f in: Moreover, since M1;nðtÞ ¼ M1 for
t40; the second convergence result warrants that
M1ð f ðtÞÞ ¼ M14M1ð f inÞ
for each t40: &
Proof of Lemma 4.1. We proceed along the lines of [14] with the help of (4.4). We
take c ¼ 1½0;1 in (1.12) and (1.14). Since *1½0;1p0; we use (1.8) and the mass
conservation to obtain
d
dt
Z 1
0
fn dypC
Z 1
0
Z N
y
ð1þ y0Þg0 fnðy0Þ dy0 dy
pCðM0;n þ Mg0;nÞ
pC 1þ Mg0;n þ
Z 1
0
fn dy
 
:
Since g0o2þ g; the Gronwall lemma and (4.4) imply that
sup
nX1
Z 1
0
fnðt; yÞ dypCðTÞ for tA½0; T :
Consequently, by the mass conservation, we end up with
sup
nX1
M0;nðtÞpCðTÞ; tA½0; T : ð4:8Þ
Next, the convexity and non-negativity of F imply that
uF0ðvÞpFðuÞ þ vF0ðvÞ; u; vX0: ð4:9Þ
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For RX1; it follows from (1.1), (1.8), (4.8) and (4.9) that
d
dt
Z R
0
Fð fnÞ dypC
Z R
0
Z y
0
ð1þ y0Þl fnðy0Þ fnðy  y0ÞF0ð fnðyÞÞ dy0 dy
þ C
Z R
0
Z N
y
ð1þ y0Þg0 fnðy0ÞF0ð fnðyÞÞ dy0 dy
pC
Z R
0
Z y
0
ð1þ y0Þl fnðy0ÞFð fnðy  y0ÞÞ dy0 dy
þ C
Z R
0
Z y
0
ð1þ y0Þl fnðy0Þ fnðyÞF0ð fnðyÞÞ dy0 dy
þ C
Z N
0
Z R
0
ð1þ y0Þg0 fnðy0ÞðFð1Þ þ fnðyÞF0ð fnðyÞÞÞ dy0 dy
pCð1þ Ml;nÞ
Z R
0
ðFð fnðyÞÞ þ fnðyÞF0ð fnðyÞÞÞ dy
þ Cð1þ Mg0;nÞ
Z R
0
ðFð1Þ þ fnðyÞF0ð fnðyÞÞÞ dy:
Now, owing to the convexity of F and the concavity of F0; we have uF0ðuÞp2FðuÞ
for uX0; whence
d
dt
Z R
0
Fð fnÞ dypCð1þ Ml;n þ Mg0;nÞ
Z R
0
Fð fnÞ dy;
and we conclude as before by (4.4) and the Gronwall lemma. &
5. A modiﬁed coagulation model
In this section, we prove Theorem 1.6 and give some qualitative properties of
solutions to the modiﬁed coagulation equation (1.10).
Proof of Theorem 1.6. For e40; the coagulation and fragmentation rates given by
(1.9) satisfy l ¼ 1þ a and g ¼ 1=24a 1 ¼ l 2: We are thus in a position to
apply Theorem 1.2 to deduce that there is a mass-conserving solution fe to (1.1),
(1.2). In particular, fe solves
@fe
@t
¼ 1
2
Z y
0
aðy0; y  y0Þ feðy0Þ feðy  y0Þ dy0
 y feðyÞ
Z N
0
ðy0Þa feðy0Þ dy0  ya feðyÞ M1ð f inÞ;
þ e
Z N
y
b1ðy; y0  yÞ feðy0Þ dy0  1
2
Z y
0
b1ðy0; y  y0Þ dy0 feðyÞ
 
:
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In addition, we may proceed as in [14] to show that the family ð feÞ is relatively
compact in Cð½0; T ; w  L1ðRþÞÞ for every T40: Consequently, there are a
subsequence ð fekÞ of ð feÞ and a non-negative f in Cð½0;þNÞ; w  L1ðRþÞÞ such that
fek-f in Cð½0; T ; w  L1ðRþÞÞ; ð5:1Þ
for each T40 and
M1ð f ðtÞÞpM1ð f inÞ; tX0: ð5:2Þ
It is then straightforward to pass to the limit in the equation satisﬁed by fek and
conclude that f is a solution to (1.10), (1.11). &
We now brieﬂy discuss the occurrence of gelation for (1.10).
Proposition 5.1. Consider an initial datum f in satisfying (1.5) and let f be a weak
solution to (1.10), (1.11) such that
M1ð f ðtÞÞpM1ð f inÞ; for tX0: ð5:3Þ
Then gelation occurs, that is, there is TgelA½0;þNÞ such that M1ð f ðtÞÞoM1ð f inÞ for
t4Tgel and
Z t1
t0
Z N
e
y1þða=2Þ
lnðyÞd
f ðt; yÞ dy
 !2
dtoN; ð5:4Þ
Z t1
t0
ðM1ð f inÞ  M1ð f ðtÞÞÞ
Z N
e
yaþ1
lnðyÞd
f ðt; yÞ dy dtoN ð5:5Þ
for each d41 and t14t0X0:
Note that the solution to (1.10), (1.11) constructed in Theorem 1.6 satisﬁes (5.3) by
(5.2), so that Proposition 5.1 applies at least to this particular solution.
Proof. We ﬁrst observe that, for cALNðRþÞ; we have
d
dt
Z N
0
f ðyÞcðyÞ dy ¼ 1
2
Z N
0
Z N
0
aðy; y0Þ f ðyÞ f ðy0Þ *cðy; y0Þ dy dy0
 ðM1ð f inÞ  M1ð f ðtÞÞÞ
Z N
0
yacðyÞ f ðyÞ dy; ð5:6Þ
where a and *c are given by (1.9) and (1.13), respectively. The only difference between
(5.6) and the corresponding expression for (1.1) is the last term of the above identity.
Observe in particular that, thanks to (5.3), this term is non-positive whenever cX0:
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We then proceed as in [9, Theorem 1.1 and Corollary 2.3] to prove that gelation
occurs and that (5.4) holds true.
We next prove (5.5). Let A40 and take cðyÞ ¼ y4A in (5.6) to obtain
Z t1
t0
ðM1ð f inÞ  M1ð f ðtÞÞÞ
Z N
A
yaf ðt; yÞ dy dtpM1ð f ðt0ÞÞ
A
ð5:7Þ
for t14t0X0: We now proceed as in [9] and consider a non-decreasing function
F : Rþ-Rþ with Fð0Þ ¼ 0 such that
CF :¼
Z N
0
F0ðAÞ
A
dAoN: ð5:8Þ
We multiply (5.7) by F0ðAÞ and integrate over ðt0; t1Þ  Rþ with respect to ðt; AÞ and
obtain
Z t1
t0
ðM1ð f inÞ  M1ð f ðtÞÞÞ
Z N
0
f ðt; yÞ yaFðyÞ dy dtpCFM1ðt0Þ: ð5:9Þ
We choose FðyÞ ¼ ðyaþ1=lnðyÞd  raþ1=lnðrÞdÞþ with d41 and r ¼ ed and argue as in
[9, Corollary 2.3] to conclude that (5.5) holds true. &
Remark 5.2. Observe that, if t0XTgel; M1ð f inÞ4M1ð f ðtÞÞ for tAðt0; t1 and (5.5)
implies that
Z N
e
yaþ1
lnðyÞd
f ðt; yÞ dyoN
is ﬁnite for almost every tAðt0; t1Þ: On the other hand, if t0oTgel; this argument fails.
For a ¼ 1; it is actually conjectured in [8, Section 4] that the solution f ðtÞ to (1.10),
(1.11) decays exponentially for large y for each taTgel and algebraically as y5=2 for
t ¼ Tgel: Even the weaker result
Z t1
t0
Z N
0
y1þða=2Þ f ðt; yÞ dy
 2
dt ¼N
for t14Tgel4t0; which is true for (1.1) (see [9]), is not available for (1.10).
We ﬁnally prove that M1ð f ðtÞÞ decays more rapidly for large times than for (1.1),
at least for initial data vanishing near y ¼ 0: It is likely that this is also true for
general initial data, but we restrict ourselves to this particular situation for
simplicity.
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Proposition 5.3. For any weak solution to (1.10), (1.11) satisfying (5.3) and such that
f in 	 0 on ½0; d for some d40; there is C ¼ Cðd; f inÞ40 such that
M1ð f ðtÞÞpCeCt; tX0:
Proof. On the one hand, we take FðyÞ ¼ ðy1a  ðd=2Þ1aÞþ in (5.9) to obtainZ t1
t0
ðM1ð f inÞ  M1ð f ðtÞÞÞ
Z N
d
y f ðt; yÞ dy dtpCðdÞ M1ðt0Þ:
On the other hand, it is straightforward to check that f ðt; yÞ 	 0 for ðt; yÞARþ 
ð0; dÞ: Consequently, we haveZ N
t0
ðM1ð f inÞ  M1ð f ðtÞÞÞM1ð f ðtÞÞ dtpCðdÞM1ðt0Þ:
For tX2 Tgel; we have ðM1ð f inÞ  M1ð f ðtÞÞÞXt for some t40 and Proposition 5.3
follows. &
Notice that the decay rate of M1ð f ðtÞÞ obtained in Proposition 5.3 is in agreement
with [8]. The corresponding result for (1.1) is that M1ð f ðtÞÞ decays at the slower rate
Cð1þ tÞ1:
Appendix A. Occurrence of gelation by scaling arguments
We assume that the coagulation and fragmentation rates a and b are
homogeneous, for instance,
aðy; y0Þ ¼ yaðy0Þb þ ybðy0Þa; bðy; y0Þ ¼ ðy þ y0Þg; ðA:1Þ
with 0papbp1 and gAR: Putting l :¼ aþ b; it follows from Theorem 3.1 that
gelation can only occur for l41; and this will be assumed to be the case in all the
following. Therefore, if only coagulation was present, we would have gelation for
any non-zero solution to (1.1).
A.1. Dominant coagulation
We start by considering the situation where the effects of the fragmentation are so
small that we may expect that all the solutions are still gelling. In order to obtain
some insight on this possibility, let f be a solution of the coagulation–fragmentation
equation with gelation time TX0 and deﬁne the scaled function:
fmðt; yÞ ¼ ma f ðT þ ðt  TÞm1; mb yÞ ðA:2Þ
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for all m41; with
a ¼ 3þ l
l 140; b ¼
2
l 140:
Then,
Qcð f ÞðmbyÞ ¼ 1
2
Z mby
0
aðy0; mb y  y0Þ f ðy0Þ f ðmby  y0Þ dy0
 f ðmb yÞ
Z N
0
aðmby; y0Þ f ðy0Þ dy0
¼ 1
2
mb
Z y
0
aðmby0; mbðy  y0ÞÞ f ðmb y0Þ f ðmbðy  y0ÞÞ dy0
 mb f ðmbyÞ
Z N
0
aðmby; mby0Þ f ðmby0Þ dy0
¼ 1
2
mðlþ1Þb
Z y
0
aðy0; y  y0Þ f ðmby0Þ f ðmbðy  y0ÞÞ dy0
 mðlþ1Þb f ðmbyÞ
Z N
0
aðy; y0Þ f ðmby0Þ dy0
¼ mðlþ1Þb2aQcð fmÞðyÞ:
A similar calculation gives
Qf ð f ÞðmbyÞ ¼ mðgþ1ÞbaQf ð fmÞðyÞ:
We deduce that the function fm satisﬁes:
@fm
@t
¼ Qcð fmÞ  mðgþ1Þb1 Qf ð fmÞ; ðt; yÞAð0;þNÞ  Rþ: ðA:3Þ
If
ðgþ 1Þb  140 3g4l 3
2
 
;
the coefﬁcient in front of the fragmentation term can be made as large as we wish.
This would make the fragmentation more and more important for the gelling
solutions to (1.1). It then does not seem possible in that case that gelation occurs for
all solutions to (1.1).
Suppose on the contrary that
ðgþ 1Þb  1o0 3gol 3
2
 
:
Then, the coefﬁcient in front of the fragmentation term can be made as small as we
want. It is then reasonable to expect that Eq. (A.3) behaves more and more like the
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pure coagulation equation for which we know that gelation occurs for all solutions.
It is then reasonable to conjecture that this is also the case for the complete equation.
Moreover, since Eq. (A.3) tends formally to the coagulation equation as m-N; we
may even expect the proﬁle of the gelling solutions at the gelation time to be the same
as that of the pure coagulation equation.
A.2. Balance between coagulation and fragmentation
We consider now the possibility for (1.1) to have a mass-conserving solution f
and, according to the analysis of Section A.1, this requires g4ðl 3Þ=2: We then
deﬁne the following scaled function
fmðt; yÞ ¼ ma f ðmt; mbyÞ ðA:4Þ
for all m41; with
a ¼ 2b; b ¼  1
gþ 1:
These conditions ensure that ðgþ 1Þb þ 1 ¼ 0 andZ N
0
y fmðt; yÞ dy ¼
Z N
0
y f ðt; yÞ dy; ðt; mÞA½0;þNÞ  ð1;þNÞ:
As above,
Qcð f ÞðmbyÞ ¼ mðlþ1Þb2aQcð fmÞðyÞ; Qf ð f ÞðmbyÞ ¼ mðgþ1ÞbaQf ð fmÞðyÞ;
and therefore,
@fm
@t
¼ mðlþ1Þbþ1aQcð fmÞ  Qf ð fmÞ; ðt; yÞAð0;þNÞ  Rþ: ðA:5Þ
Notice that
ðlþ 1Þb þ 1 a ¼ ðl 1Þb þ 1 ¼ g ðl 2Þ
gþ 1 ;
and we have 1þ g40 since l41 and g4ðl 3Þ=2: Consequently, if
g lþ 2o0; ðA:6Þ
the coefﬁcient in front of the coagulation term can be made as small as we wish. We
may then conjecture that the effects of coagulation should be very small compared to
those of fragmentation. This would allow for the existence of mass-conserving
solutions. Since we have already shown that, if (A.6) holds true and M1ð f inÞ is large
enough, gelation occurs, we may conjecture that only small initial data could give
rise to mass-conserving solutions.
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A.3. Gelation
Let us ﬁnally recover formally the possibility for a solution to (1.1) to exhibit
gelation at time T40; as it is proved in the second assertion of Theorem 1.2. To this
end we consider the change of variables:
fmðt; yÞ ¼ maf ðT þ ðt  TÞm1; mbyÞ ðA:7Þ
for all m41 (so that T þ ðt  TÞ m1X0 for tA½0; T ), with
a ¼ l g
gþ 1; b ¼
1
gþ 1:
We then have
@fm
@t
¼ Qcð fmÞ  Qf ð fmÞ; ðt; yÞAð0;þNÞ  Rþ; ðA:8Þ
and Z N
0
y fmð0; yÞ dy ¼ ma2b
Z N
0
f inðyÞ dy:
Therefore, if a  2b40; or equivalently if (A.6) holds, and m441; the ﬁrst moment
of fmð0; yÞ is as large as we need. This is in complete agreement with the second
assertion of Theorem 1.2 (Notice that, if a  2bo0; the ﬁrst moment of fmð0Þ cannot
be made large since m cannot be too small in order for fm to be well deﬁned).
We summarize the above analysis in Fig. 1, the coagulation and fragmentation
rates a and b being still given by (A.1). The parameter l ranging in ð1; 2; there is a
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Fig. 1. (I) Mass conservation (II) Gelation for large initial data and mass conservation for small initial
data (III) Gelation.
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mass-conserving solution to (1.1), (1.2) for any initial datum f in satisfying (1.5) when
g4l 2 (region I in Fig. 1, see Theorem 3.1). When gAððl 3Þ=2; l 2Þ (region II
in Fig. 1), Theorem 1.2 and Section A.2 indicate that gelation occurs when M1ð f inÞ
is large while there should be mass-conserving solutions when M1ð f inÞ is small.
Finally, gelation should occur for every non-zero solution to (1.1), (1.2) when
goðl 3Þ=2 (region III in Fig. 1) as expected from the analysis in Section A.1.
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